Activated rate processes of a reactive coordinate in a symmetric double well coupled to a harmonic mode are studied in the limit of large damping. The transition rate is given by the least nonvanishing eigenvalue of the corresponding two-dimensional Smoluchowski equation. This eigenvalue is numerically determined for four different temperatures and various different coupling and anisotropy parameters and compared with the value of the Rayleigh quotient for the trial function following from the Kramers-Langer theory. Deviations between the numerically exact rates and Kramers-Langer theory are due to finite-barrier heights and may become very large in the case of a slow harmonic mode, i.e., large anisotropy. As long as these deviations are not too large, the rate expression obtained from the Rayleigh quotient is in excellent agreement with the numerically exact results. The stochastic separatrix is numerically determined as the node of the eigenfunction corresponding to the least nonvanishing eigenvalue and compared to results from a perturbation theory. ͓S1063-651X͑96͒09112-X͔ PACS number͑s͒: 05.40.ϩj, 82.20.Db 
I. INTRODUCTION
The thermally activated escape over a barrier represents a decisive step in the dynamics of various processes in physics, chemistry, and biology ͓1,2͔. The role of the interaction of the considered system with a surrounding heat bath was recognized and fully taken into account for a simple model by Kramers ͓1͔. He considered a single mechanical particle in a bistable potential that interacts with a heat bath. The heat bath causes a velocity proportional friction force and a random force, the former extracting and the latter supplying energy. The correlation time of the random force is supposed to be vanishingly small such that a Markovian process results for the considered system. This assumption is not always met in physical applications. Therefore, generalizations to higher-dimensional ͓3-6͔ and non-Markovian ͓7,8͔ systems have been put forth. All these theories, which will be subsumed under the name Kramers-Langer theory, are generalizations of Kramers's spatial diffusion regime where the coupling of the system to the bath is strong enough such that energy is efficiently exchanged between system and bath. Energy diffusion limited rates for generalized Langevin equations are treated in Ref. ͓9͔ and for multidimensional problems in ͓10͔, but will not be considered here. The Kramers-Langer theory is correct, when the barrier height V ‡ is large compared to the thermal energy ␤ Ϫ1 . The actual value of ␤V ‡ for which it applies depends on the considered system. In particular, the presence of other small or large parameters may render the Kramers-Langer theory inapplicable for all physically relevant barrier heights as has been found for a model with exponential memory friction for both a large bath correlation time and large static friction ͓8,11͔.
A generalization of this model has been put forth for charge-transfer reactions in polar solvents ͓12͔. There the relaxation time of the solvent polarization may be very different from the one of the reactive coordinate. Within a simple model, the polarization is described by a single solvation coordinate y, which couples to the reactive coordinate x through the potential of mean force V(x,y), reading
V͑x,y ͒ϭU͑ x ͒ϩ ⌫ 2 ͓ yϪy eq ͑ x ͔͒ 2 , ͑1͒
where U(x) is a double-well potential, y eq (x) is the equilibrium polarization at the given value x of the reactive coordinate, and ⌫ is the coupling constant. When the motion of the remaining degrees of freedom that make up the heat bath at temperature ␤ Ϫ1 are fast, the dynamics can be modeled in terms of the coupled Langevin equations ẍ ϭϪ‫ץ‬ x V͑x,y ͒Ϫ x ẋ ϩͱ2 x /␤ f x ͑t͒, ÿ ϭϪ‫ץ‬ y V͑x,y ͒Ϫ y ẏ ϩͱ2 y /␤ f y ͑t͒, ͑2͒
where x and y are the damping constants in the directions of the reaction and solvation coordinates, respectively, and f x (t) and f y (t) are independent Gaussian white random forces with zero mean values
͗ f x ͑ t ͒ f x ͑ s ͒͘ϭ͗ f y ͑ t ͒ f y ͑ s ͒͘ϭ␦͑ tϪs ͒.
͑3͒
In the limit of large damping constants x and y , the ve- , ϭ x / y denotes the anisotropy parameter, and D is a dimensionless temperature.
In another paper ͓13͔, we have studied this model for the potential
U͑x ͒ϭ 1 4
which has two minima at (Ϫ1,Ϫ1) and (1,1) and a saddle point at the origin. The barrier height measured in units of the thermal energy of the bath is ␤V ‡ ϭEϭ(4D) Ϫ1 . A typical shape of the potential surface and its equipotential lines are shown in Fig. 1 .
For most of the parameter values the transition rate from one minimum to the other is half of the least nonvanishing eigenvalue 1 of the Smoluchowski operator L defined in ͑5͒. Using a suitable set of basis functions, this eigenvalue has been calculated in ͓13͔ for different values of the reduced barrier height E, dimensionless coupling constant ␥, and anisotropy parameter . A comparison of the numerically exact least eigenvalue and the result from the Kramers-Langer theory shows good agreement when the coupling parameter ␥ is large. If ␥ is of the order of UЉ(xϭ1) or smaller and Eϭ10 or smaller the agreement becomes worse. In particular, when the anisotropy parameter additionally becomes small the Kramers-Langer theory completely breaks down.
The mathematical reason for this breakdown is the presence of up to three small parameters D,, and ␥. Though the limit of the least eigenvalue is always zero, independently of the order in which the parameters D,, and ␥ vanish, the asymptotic behavior crucially depends on the relative order of these parameters. If, for example, the diffusion constant D is the smallest parameter, the smallest nonvanishing eigenvalue is well separated from the others and given by the Kramers-Langer expression for the transition rate between the two metastable states of the potential. It consequently is of Arrhenius type with an activation energy given by the barrier height at the saddle point. If, however, the anisotropy is the smallest parameter and the coupling ␥ is finite but not too large, a slow one-dimensional motion in the y direction in an effective double-well potential results, which has a smaller barrier height than the bare potential ͓13͔. The longtime behavior is then also governed by a single Arrheniustype eigenvalue but with a smaller activation energy than that following from the bare potential. Another extreme case occurs if the coupling constant ␥ approaches zero first. Then the y coordinate is also slow and a densely spaced spectrum of almost equidistant eigenvalues determines the long-time behavior. In particular, the breakdown of the KramersLanger theory in the anisotropic friction limit was discussed in a number of papers ͓14-17͔.
In this paper, we compare numerically exact least eigenvalues with results from the Rayleigh quotient for KramersLanger-type trial functions. In this way finite barrier corrections are systematically studied. This leads to much better results for all cases where the relative deviation between the Kramers-Langer rate and the numerically exact rate is less than approximately 50%. In cases where the KramersLanger theory fails completely the finite-barrier corrections also do not yield valid results. By means of a perturbation theory the Kramers-Langer trial function systematically can be improved ͓18,19͔. While the node line of the original Kramers-Langer trial function coincides with the deterministic separatrix at the saddle, the node line of the improved trial function better approximates the true stochastic separatrix ͓20͔.
Before closing this Introduction we note that the problem of finite-barrier corrections for the rate actively has been studied in recent years and many different methods have been suggested for their evaluation ͓6,19,21-23͔. In this paper, we will use a perturbation expansion in combination with the Rayleigh quotient ͓19͔. The central advantages of this approach are that, first, it yields approximate eigenvalues that possess the property of being an upper bound, second, it allows one to systematically construct perturbation corrections to the conventional Kramers-Langer trial function, and, third, a first-order error in the trial function leads to a secondorder error in the estimate for the rate. The paper is organized as follows. In Sec. II the Rayleigh quotient and the perturbation theory are presented. The numerical method is reviewed in Sec. III and the results are compared in Sec. IV. Section V ends the paper with an outlook.
II. PERTURBATION THEORY
In this section the Kramers-Langer theory is briefly reviewed within the scope of the Rayleigh quotient method and then a perturbation theory for the Kramers function is developed.
A. Langer's formula
As we have already noted, we treat the equilibration process of the considered system by means of the eigenvalueproblem of the Smoluchowski operator defined by ͑5͒, that is, LP n ͑x,y ͒ϭϪ n P n ͑x,y ͒. ͑7͒
It is well known ͓24͔ that a process governed by a 
for any smooth function f , where
denotes the equilibrium distribution satisfying LP 0 ϭ0 and L ϩ denotes the backward operator
As a consequence of ͑8͒, L ϩ is a Hermitian operator with respect to the scalar product of functions f (x,y) and g(x,y) defined by
Therefore, a complete orthogonal set of eigenfunctions ͕Q n ͖ exists with corresponding real eigenvalues n that are
further entails that L has the same eigenvalues n with the corresponding eigenfunctions P n ϭQ n P 0 . Obviously, Q 0 ϭ1 is an eigenfunction with corresponding eigenvalue 0 ϭ0.
Here we are interested mainly in the least nonvanishing eigenvalue 1 ͑for notational simplicity we will drop from here on the index 1 whenever no confusion may arise͒. For this eigenvalue, the Rayleigh quotient ϭϪ ͑Q,L ϩ Q͒
͑Q,Q͒ ͑13͒
provides an upper bound if Q is orthogonal on Q 0 ϭ1, i.e., (Q,1)ϭ0. In order to construct a trial function we use the fact that the least eigenvalue is small and hence may be neglected in the eigenvalue problem, i.e.,
For vanishing diffusion the resulting first-order partial differential equation has only solutions that are piecewise constant on the domains of attraction of the deterministic equations of motion. We choose these values as being ϩ1 and Ϫ1, such that the resulting function is orthogonal on the overall constant function. 
͑16͒
describes the linear dynamics near the saddle and
the anharmonic correction. In passing we note that rescaling the coordinates x and y by the inverse square root of the barrier height renders the leading contribution L 0 ϩ independent of the diffusion constant D and the correction L 1 ϩ proportional to the inverse barrier height. Hence the inverse barrier height may be considered as the formal smallness parameter in the following perturbation theory. The solution of the unperturbed problem
is known from the Kramers-Langer theory. It reads 
͖. ͑22͒
The result of Eq. ͑19͒ used as a trial function in the Rayleigh quotient yields, in leading order in D,
This coincides with twice the Kramers-Langer rate ͓4͔ and is therefore distinguished from the other expressions for the eigenvalue by the subscript KL. Now, let us briefly analyze the dependence of KL on the coupling constant and anisotropy parameter. These parameters enter ͑23͒ only through the transmission factor ͑22͒. This factor tends to unity for all positive ␥'s if the anisotropy parameter goes to infinity. Note that in the original units of ͑2͒ for fixed y the rate tends to zero as 1/ x with increasing x . On the other hand, in the limit of vanishingly small anisotropy parameters ͑in the following this limiting case will be referred to as strongly anisotropic limit͒ there are three regimes with a different dependence of KL on . When ␥ is larger than unity, KL is linear in , i.e., Ӎ␥/(␥Ϫ1). At ␥ϭ1 it also tends to zero as the square root of , KL ϳͱ. Finally, if the coupling constant is less than unity, the transmission factor tends to the finite value ϭ1Ϫ␥. This, however, does not coincide with the behav-ior of the least nonvanishing eigenvalue, which must always linearly vanish with ͓13͔. Thus one may expect considerable deviations of the Kramers-Langer theory from numerically exact results in the limit →0 for all positive ␥р1. Therefore, much of the work dealing with activated rate processes in systems coupled to slow harmonic modes ͓14,16͔ is concerned with estimates for the rate in the limit of vanishingly small . Our results of Ref. ͓13͔ show first, that ␥ϭ1 is not a strict limit of validity of the Kramers-Langer theory-rather, the latter fails for sufficiently small also if ␥ is larger than unity, and, second, that the Kramers-Langer theory also fails near the isotropic case ϳ1 if the barrier height is not too large and ␥ is of order unity. We also found that the theory may break down even for Ͼ1 due to the smallness of the coupling constant. In this limit the transmission factor in ͑23͒ approaches unity corresponding to the motion in the bare reactive potential U(x) and does not reflect the slow relaxation of the y coordinate on the time scale ␥ Ϫ1 . This case is not particularly interesting since then the reactive system is practically decoupled from the extremely slow y mode.
In those cases when the reactive mode determines the long-time dynamics the observed deviations of the rate from the Kramers-Langer theory are due to the fact that the trial function ͑19͒ only is exact for a parabolic barrier and that also anharmonic contributions that are contained in the weight of the scalar product ͑13͒ are neglected; see also ͑11͒.
B. Finite-barrier corrections
Based on the decomposition of the backward operator ͑15͒, a perturbation theory for the trial function can be performed leading to the series representation ͓18,19͔
where Q (0) (x,y) is determined by ͑19͒, while all higher contributions recursively follow from a hierarchy of inhomogeneous equations of the form
Inserting ͑24͒ into ͑13͒, we find the estimate of the rate
where (0) ϭ0, Q (Ϫ1) ϭ0, and N 0 ϭ(Q (0) ,Q (0) ). The result (k) is correct up to order 2kϪ1 in the perturbation, i.e., up to the order E Ϫ2kϩ1 . Usually, one argues that all N k are unity up to exponentially small corrections in the barrier height, and therefore can be neglected. We will see in the following that for low barrier heights these corrections also become important. Note that all (k) represent upper bounds of the true eigenvalue 1 .
In the present paper, we will not go beyond first order in the perturbation L 1 ϩ . It is not difficult to obtain the rate including the first correction 
In the indicated parameter regime the error of this approximation is at most 2%. The integrations can be performed analytically, yielding the expression
͑29͒
where the index RQ indicates the result of the Rayleigh quotient up to first order in D. Note that according to its definition ͑20͒ b, and consequently ␣, diverges at ␥ϭ1 and ϭ0. Further, it must be pointed out that the bounding property of the Rayleigh quotient may be lost both when N 0 is approximated by unity and when the numerator and the denominator of ͑27͒ are asymptotically evaluated. Next, we determine the first-order corrections of the Kramers-Langer trial function ͑19͒ with the aim of finding the precise location of the stochastic separatrix in the vicinity of the saddle point. For this purpose it is convenient to split off a Gaussian function from Q (1) ,
Then Eq. ͑25͒ yields
The above equation can exactly be solved by expanding F in powers of x and y, F͑x,y ͒ϭAxϩByϩCx 3 ϩGx 2 yϩRxy 2 ϩSy 3 . ͑32͒
Inserting ͑32͒ into ͑31͒ and equating like powers in x and y gives
.
͑33͒
Hence, in first-order perturbation theory the trial function reads
Q͑x,y ͒ϭͱ 2b
By definition, the probabilities of going in either direction of reactants and products are equal for trajectories that start from the stochastic separatrix. One can show ͓19,20͔ that the stochastic separatrix coincides with the node line of the eigenfunction belonging to the least nonvanishing eigenvalue provided it is the relevant eigenvalue characterizing the considered transition. Using for the eigenfunction the result ͑34͒, we obtain as an equation for the stochastic separatrix
This equation can be solved for y SS numerically. In the vicinity of the origin an approximate analysis yields
By contrast, the deterministic separatrix is given in the vicinity of the saddle point by the straight line
which also has a slope different from that of the stochastic separatrix at xϭ0.
III. BASIS SET METHOD
In this section a basis set method for numerically solving time-independent Smoluchowski and Schrödinger equations is developed. The method is very efficient in dealing with a so-called system-bath situation in which a nonlinear degree of freedom couples to a harmonic bath. For the sake of generality, we consider a harmonic bath with an arbitrary number of modes N governed by the Smoluchowski operator
where y T ϭ(y 1 , . . . ,y N ), ‫ץ‬ i ϭ‫ץ‬ y i , and i ϭ x / y i . First we transform ͑38͒ by means of the ansatz
into a Hamiltonian operator of the form
͑40͒
This transformation allows us to take advantage of the fact that the matrix representation of a Hamiltonian operator is symmetric. The underlying idea is to determine the generic basis function element as
where the products ͟ i n i (y i Ϫx) are eigenfunctions of the bath Hamiltonian H b which are given by a set of displaced harmonic oscillators
while m (x) are the eigenfunctions of the Hamiltonian operator corresponding to the uncoupled reactive subsystem
It is straightforward to construct the matrix representation of the Hamiltonian ͑40͒ in the basis ͑41͒. One obtains
In the present case of a single bath mode, it reads
This representation has the advantage that a few basis functions are sufficient to produce very accurate low-lying eigenvalues for у1. The method is rather insensitive with respect to the barrier height and the coupling constant. With a decreasing anisotropy parameter the convergence only slowly becomes worse. Even for Ͻe ϪE a number of 10-15 
where the frequency is a free parameter that can be chosen such that the convergence of the series in ͑47͒ is as fast as possible. Both the matrix representation of the Hamiltonian ͑43͒ and the method for determining are given in the Appendix. Here we only note that the use of the basis of scaled harmonic oscillator eigenfunctions allows one to truncate the sum in ͑47͒ at least at half of the number of terms that are necessary to converge to 12 significant digits compared to the standard unscaled basis corresponding to ϭ1. Another advantage of the basis ͑48͒ is that the matrix elements R m,m Ј can be evaluated analytically, that is, without loss of accuracy. For the potential U(x) defined by ͑5͒ a straightforward calculation yields the algebraic expression
IV. RESULTS
The least nonvanishing eigenvalue and the corresponding eigenfunction of the two-dimensional Smoluchowski equation ͑5͒ have been calculated in a wide range of parameters. The results for the eigenvalue are presented in Tables I and II and compared to the Langer formula ͑23͒, the full Rayleigh quotient ͑27͒, and its asymptotic value including the firstorder corrections in the inverse barrier height D/4ϭE Ϫ1 ͑29͒. As for Eу5, the inequalities 0.99рN 0 Ͻ1 usually hold; we have set N 0 ϭ1 in evaluating the full Rayleigh quotient ͑27͒ for Eϭ5, 7.5, and 10.
For large parameters , ␥, and E, all approximate rate expressions agree well with the numerically exact least nonvanishing eigenvalue . Large deviations are found if both and ␥ are small. The region of complete failure of all approximate expressions grows slowly towards larger and ␥ values with decreasing barrier height. For barrier heights smaller than Eϭ5, the dependence of the denominator (Q,Q) of the Rayleigh quotient on the detailed shape of the trial function Q(x,y) must be taken into account. In particular, the factor N 0 in the denominator of ͑27͒ must not be approximated by unity. Table III gives the scalar product N 0 for Eϭ2.5 and various values of and ␥. Though the resulting corrections are ''exponentially small'' they do not much differ in magnitude from the ''leading'' algebraic corrections for low barrier heights. This indicates that the rate description as a whole loses its meaning for too low barriers. It is interesting to note that this failure may be due to the equilibrium properties of the system. The equilibrium distribution ͑9͒ no longer allows an unambiguous definition of the populations of the different metastable states ͓20,25͔ although the long-time dynamics may still be governed by a single least nonvanishing eigenvalue that is well separated from the rest of the finite eigenvalues ͓13͔.
For the parameter values that are used in Tables I and II , the Kramers-Langer expression has its minimal error of about 4% for Eϭ10 and у10 for all values of ␥. The error increases with decreasing for all values of ␥, but is strongest for small ␥. For Eϭ10 it completely fails for ␥Ͻ1.5 and Ͻ0.1. For small values of the error of the KramersLanger rate decreases only rather slowly with increasing ␥. Finite-barrier corrections according to ͑29͒ lead to a considerable improvement in many cases. For Eϭ10 and ␥у2 already the leading finite-barrier corrections agree very well with the exact rates. If, however, the condition ␣ 2 DϽ0.1 is violated, the corrections in ͑29͒ are not sufficient and ͑29͒ may yield even negative results. These instances are indicated by bars in Tables I and II . Finite-barrier corrections must then be determined by means of the full Rayleigh quotient ͑27͒ including N 0 for EϽ5, in which case N 0 cannot be approximated by unity. For Eϭ10 and Ͼ0.1 Eq. ͑27͒ gives excellent results for all considered values of ␥. If, however, ␥р1 and р0.01, all approximate rate expressions, including ͑27͒, strongly deviate by factors, or even by orders of magnitude, from the numerically exact least nonvanishing eigenvalue.
Note that the Kramers-Langer rate is always larger than the Rayleigh quotient. Both KL and (1) are larger than the numerically exact least nonvanishing eigenvalue as one expects. This bounding property, however, does not hold for N 0
(1) , that is, if one sets, in ͑27͒, N 0 ϭ1. This is seen from Table III, Figure 4 shows numerical results for the eigenfunction Q(x,y) and its node line, which coincides with the stochastic separatrix. We find that Q(x,y) and consequently also the stochastic separatrix rotates with decreasing anisotropy parameter. It moves in a counterclockwise direction from the y axis for large to the x axis in the strongly anisotropic limit →0 for all values of the coupling constant. This is in contrast to the behavior of the deterministic separatrix ͑37͒, which does not approach the x axis if ␥Ͻ1. Hence we conclude that a reason for the failure of the Kramers-Langer theory is the different location of the stochastic and deterministic separatrix for small values of .
In Fig. 5 the stochastic and the deterministic separatrices are compared for different parameter values. They are indistinguishable from each other for all if the coupling between the system and the nonreactive mode is sufficiently strong, i.e., ␥уUЉ(x min )ϭ2. This is not the case for ␥Ͻ2. Then the difference between the stochastic and the deterministic separatrix, which is still invisible for у10, increases with decreasing anisotropy parameter. Figure 6 shows that the stochastic separatrix y SS (x) becomes curved for р1 and has a slope at xϭyϭ0 that is different from that of y DS (x). One also sees that the finite-barrier expansion for the stochastic separatrix ͑36͒ accounts quantitatively for this difference. Finally, with further decreasing , the slope of the deterministic separatrix approaches a finite limiting value, namely, wϭ␥ Ϫ1 Ϫ1, in contrast to the stochastic separatrix. All these peculiarities become more evident for smaller values of ␥ ͑see Fig. 7͒ . For ␥Ͻ0.5 the Kramers-Langer function becomes inapplicable already for Ϸ1.
Besides the location of the node line, the shape of the trial function perpendicular to the node line is another important factor that influences the value of the Rayleigh quotient. Using zϭ(wxϩy)/(w 2 ϩ1) 1/2 as a coordinate in the direction transverse to the node, one obtains as the profile of the Kramers-Langer function
where the width reads
. ͑52͒ Here b and w are given by ͑20͒ and ͑21͒, respectively. The width is a function of and ␥, which tends to unity in the limit →ϱ for all coupling constants. For going to zero, the width approaches a finite value for all ␥ except ␥ϭ1, where vanishes. Since w simultaneously vanishes, the trial function ͑19͒ becomes a step function jumping at yϭ0:
͑53͒
However, the numerically exact eigenfunctions do not show this behavior. They rather keep a finite width for all coupling strengths in the strongly anisotropic limit. For ␥Ͼ1 and all the profile is in qualitative agreement with that of the Kramers-Langer function ͑51͒. The first-order correction ͑34͒ quantitatively agrees with the numerical results. Figure 8 shows a comparison of the profiles of the numerically exact eigenfunction Q(x,y), the Kramers-Langer function ͑19͒, and the perturbation expansion ͑34͒. It is interesting that the shape of the true eigenfunction agrees quite well with an error function even for ␥Ͻ1 and →0, i.e., also in cases when both the Kramers-Langer rate KL and the Rayleigh quotient (1) fail grossly. Figure 9 shows that in this case, the profile of Q(x,y) coincides surprisingly well with that given by ͑51͒ though the stochastic and the deterministic separatrices differ very much ͓see Fig. 6͑c͔͒ . Thus one can conclude that if the coupling is not too weak 0.5р␥Ͻ1, the main reason for the breakdown of the Kramers-Langer theory is the different location of the deterministic and stochastic separatrices in the strongly anisotropic limit and their different respective slopes at the saddle point of the potential. Only in the limit of weak coupling ␥→0 is the shape of the true eigenfunction seen to be quite different from an error function following from the KramersLanger theory ͓see Fig. 9͑b͔͒ . As we showed in another paper ͓13͔, with ␥ going to zero the spectrum of eigenvalues of the Smoluchowski operator becomes very similar to that of the harmonic oscillator even though Ͼ1, and therefore the rate description is inapplicable in this case.
V. CONCLUSION
In this paper we discussed the validity of the KramersLanger theory by a comparison with numerical results for the least nonvanishing eigenvalue and the corresponding eigenfunction. The investigation was performed for a reactive mode that is coupled to a relaxation mode and a heat bath. The dynamics of both modes are strongly damped such that inertial effects can safely be neglected and a twodimensional Smoluchowski equation describes the process. Yet the relaxation times of the reactive and the relaxational modes may differ, leading to an anisotropy in the respective diffusion constants. Depending on the ratio of the diffusion constants, i.e., the anisotropy parameter , the coupling constant ␥ of the two modes, and the dimensionless temperature D of the heat bath, the system belongs to either the relax- ational or the rate regime. The latter can further be subdivided into the anisotropic and the Kramers-Langer regime.
The relaxational regime is characterized by a small coupling constant ␥ such that the reactive and the relaxational modes are almost decoupled. The long-time behavior in this regime is determined by a set of approximately equally spaced low-lying eigenvalues. On the contrary, at larger values of ␥, i.e., in the two other regimes, the long-time behavior is determined by the barrier crossing process leading to a least nonvanishing eigenvalue that is separated from all larger ones by an exponentially large gap. The precise location of the crossover between the relaxational regime and the rate regime as a function of D, , and ␥ has not yet been investigated systematically. Results from ͓13͔ clearly indicate that for fixed D the critical value of ␥ where the crossover takes place decreases with increasing . Since the transition rate characterizing the barrier crossing process and hence the corresponding eigenvalue is exponentially small in the inverse temperature D, the critical value of ␥ must also be exponentially small in D.
The Kramers-Langer regime extends to large values of and ␥. Hence D is the relevant small parameter in the Kramers-Langer regime. In this whole regime, the least nonvanishing eigenvalue is determined by the Kramers-Langer rate formula ͑23͒. Possible deviations come from finitebarrier corrections and can be accounted for by the Rayleigh quotient (1) ͓see Eq. ͑27͔͒, which is based on the unperturbed Kramers function Q (0) (x,y) given in ͑19͒ as a trial function. A further improvement of the eigenvalue, namely, up to the order of the third power of the inverse barrier height, can be obtained when the Rayleigh quotient is evaluated with the improved eigenfunction Q (0) (x,y) FIG. 6 . Location of the stochastic separatrix for Eϭ5 and ␥ϭ0.5. The solid and the dashed lines represent the numerically exact results and the deterministic separatrix ͓Eq. ͑37͔͒, respectively. The dot-dashed lines show the perturbation expansion ͓Eqs. ͑34͒ and ͑35͔͒. ͑a͒ ϭ1; ͑b͒ ϭ0.1; ͑c͒ ϭ0.01. Fig. 6 , but for ␥ϭ0.1. ϩQ (1) (x,y) given by ͑19͒ and ͑31͒. However, we did not consider this here.
FIG. 7. Same as in
Using a self-consistent criterion, we correctly predicted the transition regime where the Kramers-Langer theory loses its validity and the anisotropy regime is reached when the coupling constant is decreased at a sufficiently small value of . The criterion is not reliable at yet smaller values of ␥, where it indicates a spurious recovery of the Kramers-Langer theory. Within the transition regime the Rayleigh quotient with the Kramers-Langer trial function still gives a reliable value for the least nonvanishing eigenvalue. This is no longer the case for parameter values within the anisotropic regime.
Corrected eigenfunctions were obtained by means of a perturbation theory about the unperturbed case of a harmonic barrier. They have a curved node line that is rotated relative to the node of the unperturbed Kramers function. Both the rotation and the curvature quantitatively describe the difference between the stochastic and the deterministic separatrix both in the Kramers-Langer and the transition regime. Yet another important feature is the form of the eigenfunction transversal to its node. From the result of the firstorder perturbation theory one finds that this form can be written as an error function. It is interesting to note that the numerically exact eigenfunctions show the error function profile in quite a large region of parameter values, even deeply inside the anisotropic regime where the KramersLanger theory and also the perturbation theory completely fail. This observation suggests a simple ansatz for the eigenfunction belonging to the least nonvanishing eigenvalue reading where a and c are free parameters that have to be chosen such that the Rayleigh quotient is minimal. In this way we expect to obtain good results for the least nonvanishing eigenvalue, except for a too low temperature, in which case the ansatz has to be modified by taking into account the curvature of the stochastic separatrix. In the relaxational regime, where ␥ is extremely small, we also do not expect ͑54͒ to hold. There a polynomial in y seems to be a more appropriate ansatz for the trial function. 
